Minimal periods for solutions of semilinear wave equations in exterior domains and for solutions of the equations of nonlinear elasticity  by Levine, Howard A
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 135, 297-308 (1988) 
Minimal Periods for Solutions of Semilinear Wave 
Equations in Exterior Domains and for Solutions 
of the Equations of Nonlinear Elasticity* 
HOWARD A. LEVINE 
Department of Mathematics, Iowa State University, 
Ames, Iowa 5001 I 
Submitted by Avner Friedman 
Received October 23. 1986 
Let g E C’(R’) and u(r, 1) solve u,, + ((n - 1)/r) a, - u,, - g(u) = 0 classically on 
D, = (0, co) x [0, r] and be periodic in time. If lim,_ +5u r”“- “E(r) = 
1% _ a IIu(r,.)II1=O, where E(r)={,T(ut+uf)dt, UEL’(D,,) for some r,>O, and 
g’(0) > (27+‘J2, then u is independent of T. Related results are obtained for the 
equations of nonlinear elasticity. p 1988 Academw Press, Inc. 
I. INTRODUCTION 
Let g be a C2 real valued function on R’ with g(0) = 0. Let u(x, t) be a 
solution of 
u,, - 4x +g(u)=O (1.1) 
on R’ x R’ which is periodic in t with period T and is of class C 2. In [ 11, 
Coron proved that if 
g’(O) < CW7-)2, (1.2) 
(1.3) 
for some x,>O, 
J’_“, J‘,’ [24:(x, t) + 24:(x, t)] dt = 0 (1.4) 
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and 
lim max 124(x, t)l =O, 
.I + a f E [O. I] (1.5) 
then u is independent of t. 
It is known [3, 51 that this is false if (1.2) fails. For example [3], when 
g(u) = sin u and T> 271, nontrivial solutions can be found explicitly. Also, 
in [S], Weinstein has shown that, in the general case, there always exist 
nonconstant T periodic solutions which decay faster than exp( -2.x) for 
some A > 0 as x 3 cg (if ( 1.2) fails). 
The purpose of this note is to extend Coron’s results and his arguments 
to higher dimensional wave equations and to related problems for the 
equations of linear elasticity with forcing terms that depend on the 
displacements (Section IV) or the deformation tensor (Section V). 
II. THE WAVE EQUATION IN R” - (0) 
We consider C*, T periodic solutions of 
u,, - A,u + g(u) = 0 (2.1) 
in (R”-{OJ)xR’, where u(x, t + T) = u(x, t) depends only upon r = 1x1 
and t and where A,, is the radial portion of the n dimensional Laplacian. 
THEOREM 2.1. Ifg(O)=O, gEC’(R’), 
J J m TIU(r, t)l dtdr<cc for some R > 0, (2.2) R 0 
lim r’(+‘) J ’ [uf(r, t) + u:(r, t)] dt = 0, (2.3) r- +m 0 
Jl, rn- l oyj4T lu(r, t)l = 0, (2.4) . . 
and (1.2) holds, then u does not depend upon t. 
Proof. Let 
G(x)= J; g(y) 4
and 
Lw=w,,+n-l r w, - w,, - g(w). 
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Then, a routine calculation shows that 
1 a -- 
2 ar [ 1 
r2’+‘) o~[wf+w~-2G(w)]dt] 
+(n-l)r2”-3 I ‘(2G(w)-w:)dt 0 
I 
T 
= r”‘~ 2w,Lw dt 
0 
whenever w(r, t) is periodic in t with period T. 
Let u be a radial solution of (2.1) with period T. Let 
c(r)=kil:u(r, t)dt (2.6) 
(2.5) 
and let 
u(r, t) = u(r, t) - c(r). (2.7) 
(We note that time averages of u and its r derivatives over [0, T] vanish.) 
Then, from L’Hopital’s rule or the identity 
we see that there is a continuous function h(c, o) such that 
g(c + u) - g(u) - g(c) = cuh(c, 0). 
Thus 
(2.9) 
u +b-1) 
T, - ur - u,, - g(u) r 
n-1 = -c”(r) - - ( > r c’(r) + g(c) + cuh(c, u). 
Letting u = w in (2.5) we find 
r2’n-‘)[ut + uf - 2G(u)] dt 
+(n-1)r2n-3 s T(2G(~)-u;)dt 0 
T 
b I cuu,h(c, u) r2np2 dt. 0 
(2.11) 
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By (2.4) and Wirtinger’s inequality, we may choose r0 so large that for all 
Y > rO, the coefficient of r 2nP 3 in (2.11) is bounded above by 
which is nonpositive for sufficiently large r in view of (1.2) and (2.4). Thus, 
since u satisfies (2.3) also, we find that for all r, r. sufficiently large, with 
r. < r, 
1 
-rZnpZ T(uf+uf-2G(v))dt 
2 s 0 
a d5 s ’ (cl Iuu,J (h(c, u)l p*‘-* dr dp. r 0 
If we set 
4~) =; joT C($p, t) + u2(p, f)l p2”- 2 dt 
(2.12) 
(2.13) 
and note that m(p) + 0 as p -+ cc while h(c, u) is uniformly bounded on 
lYr0, co) x [0, T], we see that for some constant a > 0, 
da s = Ic(P)I 4~) dp, (2.14) r 
the right-hand side being finite by (2.2)-(2.4). Thus, for some constant 
a’>0 and all r>ro, say, 
m(r) 6 a’ 
s rx I~P)I 4~) dp. r 
By Gronwall’s inequality, for all r, r’ > r,,, r’ > r, we find 
m(r)<a' 
s m kWl%Wvw a' r' 
( jr; W)I dp). 
(2.15) 
If we let r’ + + co, we obtain m(r) = 0 for all r > ro. Consequently, u(r, t) is 
independent of t for r 3 ro. 
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To finish the argument, let W(T) solve 
w +(n-1) 
rr -ww,-g(w)=O, r 
O<r<r,, 
w(ro) = 4ro) 
w’( rO) = c’(r,). 
Then W(r, t) = w(r) solves 
w +W) 
rr -w,- w,,-g(W)=O, r 
(2.16) 
with W(r,, t) = u(rO, t), WJr,,, t) = u,(rO, t), and periodic boundary 
conditions. Using, for example, arguments of [4], if (2.16) is written 
as a system evolving in r, with periodic (in t) boundary conditions, one can 
show that solutions of the “initial” boundary value problem are unique. 
Therefore, w(r) = W(r, 1) = u(r, t) for 0 < r < r0 and we are done. 
III. THE SPECIAL CASE n = 3 
In odd space dimensions, the radial wave operator, can be reduced to 
the one-dimensional wave operator by a suitable change of dependent 
variable. In three dimensions, this leads to a slightly different version of 
Theorem 2.1. However, in 5 and higher odd dimensions, any weakened 
decay results will be for solutions of (2.1) which are sufficiently regular to 
effect this change of variable. We shall establish the result for three dimen- 
sions and postpone the general result to a later work. 
Let A(r) be a positive C’ function on (0, co) with 
(A): /U(r) < m’(r) 
in (0, co) for some j? > 0. 
THEOREM 3.1. Zf n = 3, g(0) = 0, g E C2, (2.2) holds for a radial solution 
of (2.1) in (R3 - (0)) x R’ and if 
lim i.(r)J0T[(ru)i+r2uf]dt=0 
r-cc (3.1) 
lim r(A.(r))‘12 max lu(r, t)l = 0, (3.2) r-z OSIGT 
then u is independent of t. 
409 115~1-20 
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Proof: By direct computation, we find that 
I 
r 
~(r)(ruLC(ruL, - (ru),, - rdu)l dt 
0 
1 a =-- 
i, 
Tl(r)[(ru),Z+(ru)f-2rZG(u)] dq 
2dr 0 
-- : [oTI.‘(r)(ru)z dt -i & [A’(r) r%f 
+ 2rl(r) ug(u) - 2(r2L(r))’ G(u)] dt 
I 
r 
= A(r) ru(ru),ch(c, u) dt. 
0 
(3.3a) 
(3.3b) 
The third integral on the right of (3.3a) is bounded below by 
i r2A’(r) foT [ ( $)2 _s G(u) - 2 ‘ug(u) -‘-22G(u”] 02 dt. 
In view of (2.2) and (3.2) we find that this is in turn bounded below by 
k r2R’(r) loT [ (G)‘- g’(0) - O(v)] v2 dq 
since ug(u) -2G(u)= 0(1u13) as u -+O if gE C*+‘. Thus, for all sufficiently 
large r, this integral is positive. Hence we have 
la T -- 
I 2ar o 
l(r)[(ru)f + (ru): - 2r2G(u)] dt 
2 TA(r) ru(ru),ch(c, u) dt, 
s 0 
after dropping the integral on the right of (3.3a). Integrating over (r, a), 
we obtain 
1 T 
20 I 
I(r)[(ru)z + (ru)f - 2r2G(u)] dt 
< i‘pl 4~) loT IPI I@),1 ICI MC, 011 dt 6 (3.4) 
Therefore, with 
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we again obtain, on [R, co), for sufftciently large R and some a > 0, 
m(r) <a 5 a 4~) k(p)1 dp,
and the remainder of the argument is as before. 
Remark 3.1. Notice that if A(r) = rB, solutions are only required to 
decay (in the sense of (2.2), (3.1), (3.2)) faster than r-(l +812). This is an 
improvement of Theorem 2.1 in the case n = 3 if fi < 2. 
IV. SEMILINEAR ELASTICITY. 
The arguments of the preceeding section can also be applied to the 
equations of semilinear elasticity, 
in D x [0, co), where D is an N dimensional rectangular paralleliped. 
(D = JJy! r (0, LJ.) We assume that the elasticities are periodic in each of 
their ith arguments with period Li. We also suppose that there is a scalar 
potential G with G,i = gi, i= 1, . . . . N, and that gi(0) = 0. We set 
q = inf CbkdX) u,,,(X) uj, I(X) dx/ui(x) ui(X) do > (4.2) 
where the infinium is taken over all piecewise C’ vector functions v which 
have periodic extensions to all of RN with period Li in the ith independent 
variable and have mean value zero over D. 
We suppose that the potential G is of class C3. Therefore, there exist 
continuous Hermitian matrices Hi(c, v) such that 
g;(C + V) - g,(C) - g,(V) = CTHj(C, V)V* (4.3) 
We assume that 
lui(x, t)l dx dt< 00 
for some T > 0 and i = 1,2, . . . . N and that 
(4.4) 
(4.5) 
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lim max ( max lui(x, t)l) =0 
t-cc XSD i= I,...,N (4.6) 
for solutions of (4.1). We obtain 
THEOREM 4.1. Zfu is a C2 solution of (4.1) subject to (4.4)-(4.6) and the 
periodic spatial boundary conditions above, and if the N x N matrix 
C~S,-g,,j(o)l,x~= CV~,-G,&O)IN~, (4.7) 
is positive definite, then u is independent of x. 
ProojY Again we set 
c(t) =& jD 4x9 t) dx (4.8) 
v(x, t) = u(x, t) - c(t). 
We have, via (4.3) and (4.9), for i= 1, . . . . N, 
(4.9) 
vi,rt - tc$cix) v/c,,),j- g;Cv) = gi(C) - c;‘(t) + CTHiV. (4.10) 
We multiply both sides by vi.,, sum and integrate over D x [t, r), and 
obtain 
f S, (vt,vvi,q + C&X) vi,~v,,,-2G(v)l h Ii 
= (cTHi(c, v)v) v~,~ dx dq. (4.11) 
The remainder of the argument is very similar to that of Theorem 2.1. 
Letting 5 + co, and noting that v --) 0 uniformly, we obtain 
<a lrn IlC(?)ll jD C”i,qvi,q + uiviJ dX d’l (4.12) 
for some constant a > 0 and all t sufficiently large. (Here /I 1) denotes some 
finite dimensional vector norm.) Define 
m(t) = jD (Vi,rvi,r + vi”t) dX. (4.13) 
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We note that 
I uj,,ui,, dx <constant s ui,tu;,t dx. D D 
Therefore, m(t) + 0 as t + co. If q, denotes the smallest eigenvalue of the 
matrix in (4.7) we obtain 
min(i, qi)m(t) <a lx Ilc(z)ll m(z) dz. 
I 
By (4.3) the right-hand side is finite. By Gronwall’s inequality we find, from 
some a,>0 and T<t<z, 
m(t) Q al s a Ilc(rl)llds) 4 .exp aI T ( j 
r lI4v)Il 4 
! 
. 
The remainder of the argument is now the same as for (2.1). The local 
uniqueness theorem needed to finish the proof can be obtained in a variety 
of ways. It, too, follows from the abstract results of [4], for example. 
V. NONLINEAR ELASTICITY 
To motivate the arguments, which are essentially based on energy 
considerations, consider the problem 
u,, - %x --$(uJ=O9 O<x<L, t>o, (5.1) 
40, t) = u(L, t), 
u,(O, t) = u,(L t), 
where I$ is a C’ function on R’ and (without loss) d(O) = 0. 
Suppose u is a classical solution of (5.1)-(5.3) with 
(5.2) 
(5.3) 
and 
Then if 
,-~ joLM+4W=0 lim 
lim max lu,(x, ?)I =O. 
,-cc O<.x<L 
(5.4) 
(5.5) 
d’(O) + 1 > 0, (5.6) 
306 HOWARD A. LEVINE 
and if the initial value problem for (5.1 t(5.3) always has a unique 
solution, we must have u(x, t) = const. 
Let 
c(~)=;~~~u(x, t)dx 
and 
u(x, t) = u(x, t) - c(r). 
Then u(x, t) satisfies (5.2) and (5.3) as well as 
(5.7) 
(5.8) 
or, - %x -; (b(%)) = -C”(f). (5.9) 
Multiplying (5.9) by v, and integrating over [0, L] x [t, t], we obtain 
5 ,:; [u~+u~+~@(u,)] dxl;=O, (5.10) 
where @’ = 4. In view of (5.4) and (5.5), letting z + co, we find, 
s oL; [uf+oZ,+2@(u,)] dx=O 
for all t. Using (5.5) and (5.8), we see that for all t sufficiently large, 
s L [v:+(l+qb’(O))u:ldx<O 0 
and therefore u, = v, = 0 for t % 0. Therefore, for all t > T, say, u(x, t) = u(t) 
and hence ii(t) = 0. Thus from (5.4), u(t) = constant on [T, co). By the 
uniqueness of solutions of the initial-boundary value problem, we obtain 
the result. 
It is well knoyn that C2 solutions of the initial value problem for (5.1) 
with arbitrarily small initial data can break down in finite time through 
loss of regularity if (5.6) holds. However, as we show below for systems, a 
similar result holds for weak solutions of (5.1). 
If (5.6) fails, (5.1) can have solutions which are nonconstant and satisfy 
(5.4), (5.5). For if we let E, 6 be fixed positive numbers and 
-(l +E)S, 4(s)= {I&), I4 < 4 ISI 2 6, 
where$isanyC2function with+(+d)= T(1+~)6, Il/‘(+S)= -(f+s), 
$“( fd) = 0, then 1 + 4’(O) = --E < 0 and u(x, t) = 6e-2z AyrlL sin(2nx/l) is, 
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for any L > 0, a nonconstant, periodic (in x) solution of (5.1) which 
satisfies (5.4) and (5.5). 
The condition (5.6) is simply the statement hat (5.1) is hyperbolic for 
constant solutions. Thus, if (5.1) is hyperbolic for every constant solution, 
then (5.1 t( 5.3) cannot have nontrivial solutions for any L > 0. 
Equation (5.1) can be viewed as a simple model equation for one- 
dimensional nonlinear elasticity. Suppose we consider, in a rectangular 
parallelepiped, D c RN, the full equations of nonlinear elasticity 
~-t(ci~~~(x)~)-~(~(~,,,,~)=o (5.11) 
for i = 1, . . . . N, (x, t) E D x [0, 00). (We employ the summation convention 
here.) We assume that u and the elasticities c,,,(x), have periodic 
extensions to all of RN with period Lj in the ith direction where 
D = J-Jy= i [0, Li]. The elasticities are assumed to satisfy the symmetry 
conditions 
ti) Ci,k,(X) = C/d~(X)? 
while the nonlinear strain energy functional W satisfies (without loss of any 
generality) 
(ii) W(0) = 0 
(iii) taw/auk,,)to) = 0. 
We suppose that for all N x N tensors 5 = [Sii], 
for all x ED and some p > 0. 
We define weak (C ’ ) solutions of the initial boundary value problem for 
(5.11) (with periodic boundary conditions) in the usual way [2]. We also 
assume that such solutions satisfy an energy conservation law: 
E(t) =;I C&.A,, + clyd(x) 4,p,,,+ 2W4Jl dx = 35(r) (5.13) 
D 
if r # t. If a weak solution on D x [0, co) satisfies 
,tt S, tUi,rUi,r + ui.j”i,]) dX =O 
lim max ( max 
,+a XCD i, j= I ,..., N 
IuJx, t)l) =O, 
(5.14) 
(5.15) 
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then u(x, t) is a constant vector. The proof is fairly straightforward. One 
defines 
c(t) =h jD u(x, t) dx 
and v(x, t)=u(x, t)+c(t). From (5.13), (5.14), and (5.15) we find 
(5.16) 
for all t sufficiently large. 
From (5.12),, (5.13), (5.14), and (5.16) we see that the (weak) solution 
depends only on t on some interval [T, cc ). It then follows from 
(which is the weak form of (5.2)), by choosing trial functions di= di(x), 
that u is constant on [T, cc ). 
If we have local uniqueness of weak solutions, then we can conclude that 
u=c in [0, co). 
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